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f o l l o w s t h a t
w e c a n
t a k e
k
m i n i m a l
s u c h




t h a t w e h a v e a
s u f f i c i e n t l y p r e c i s e
p — a d i c f a c t o r i z a t i o n
o f f ,
w e
a r e r e a d y
f o r t h e
l a s t s t e p
o f t h e B e r l e k a m p - H e n s e l
a l g o r i t h m , t h e d e t e r m i n a t i o n
o f
t h e
t r u e
f a c t o r s
o f f .
A s e x p l a i n e d
a b o v e ,
t h i s
c a n
b e
d o n e
b y l o o k i n g
a t
c o m b i n a t i o n s
o f
p — a d i c
f a c t o r s .
S o ,
f o r a l l
s u b s e t s
o f
o u r s e t
o f
p — a d i c
f a c
t o r s ,
w e
t e s t w h e t h e r
t h e p r o d u c t
o f t h e p — a d i c
f a c t o r s
i n a
s u b s e t i s a t r u e
f a c t o r
o f f
i n
[ x ] ,
u n t i l
a l l i r r e d u c i b l e
f a c t o r s
o f f i n
[ X ]
a r e
f o u n d .
O f c o u r s e ,
w e h a v e t o
a r r a n g e t h e
s u b s e t s
i n o r d e r
o f
i n c r e a s i n g
c a r —
d i n a l i t y ,
t o g u a r a n t e e
t h a t
t h e f a c t o r s
o f f
t h a t w e
f i n d
a r e
i r r e d u c i b l e .
T h i s c o m p l e t e s
t h e d e s c r i p t i o n
o f t h e
B e r l e k a m p - H e n s e l
a l g o r i t h m .
L e t u s
c o n s i d e r
i t s
r u n n i n g
t i m e .
I t i s
n o t
d i f f i c u l t
t o v e r i f y
t h a t ,
u p
t o t h e l a s t
s t e p ,
e v e r y t h i n g
c a n
b e
d o n e i n p o l y n o m i a l
t i m e .
U n f o r t u n a t e l y ,




c a s e f o r
t h e l a s t
s t e p ,
t h e s e a r c h f o r t h e
t r u e f a c t o r s .
N a m e l y ,
s u p p o s e
t h a t f




t h a t t h e n u m b e r
o f
i r r e d u c i b l e
f a c t o r s
o f
f m o d p i s
r . T h e n
w e h a v e
t o l o o k
a t a l l
s u b s e t s
o f
c a r d i n a l i t y a t
m o s t r / 2 ,
b e f o r e
w e a r e s u r e
t h a t
n o n e
o f
t h e m
y i e l d s
a




[ x ] .
T h i s
i m p l i e s
t h a t t h e
n u m b e r
o f
s u b s e t s
t o b e c o n
s i d e r e d
i s
e x p o n e n t i a l
i n r ,
a n d b e c a u s e t h e
d e g r e e
n o f
f
i s t h e o n l y
a
p r i o r i u p p e r
b o u n d
t h a t w e
c a n
g i v e
f o r
r , w e
g e t
a b o u n d
o n
t h e r u n n i n g
t i m e
o f
t h e
l a s t s t e p ,
t h a t i s





a m e t h o d
i s g i v e n
t o g e n e r a t e
i n f i n i t e
c l a s s e s
o f
i r r e d u c i b l e
p o l y n o m i a l s
i n
[ X ] ,
s u c h
t h a t , f o r
s o m e
c c I R >0 a n d f o r e v e r y p r i m e
n u m b e r
p ,
t h e
n u m b e r
o f
p — a d i c f a c t o r s i s a t
l e a s t
c n .
F o r
t h e s e p o l y
n o m i a l s
t h e n u m b e r o f
s u b s e t s
t o
b e
c o n s i d e r e d
i s i n d e e d




t h a t
t h e e x p o n e n t i a l — t i m e
b o u n d t h a t w e d e r i v e d
i s
t h e b e s t
p o s s i b l e .
I n p r a c t i c e
h o w e v e r ,
t h e s i t u a t i o n
i s n o t
s o b a d
a s i t
s e e m s ,
a n d t h e
a l g o r i t h m
u s u a l l y
h a s n o
p r o b l e m s
t o
f a c t o r
h i g h — d e g r e e
p o l y n o m i a l s
w i t h
l a r g e
c o e f f i c i e n t s .
A l s o , i n
[ 4 ] i t
i s m a d e p l a u s i b l e
t h a t , u n d e r
c e r t a i n
a s s u m p t i o n s
c o n c e r n i n g
t h e d i s t r i b u t i o n
o f
t h e
d e g r e e s o f
t h e
f a c t o r s
o f f ,
t h e
e x p e c t e d
n u m b e r
o f
s u b s e t s t o
b e
c o n s i d e r e d
i n
t h e l a s t
s t e p
i s a t m o s t
2
T h i s i s
i n
a c c o r d a n c e
w i t h
t h e p r a c t i c a l
e x p e r i e n c e
t h a t
t h e l a s t
s t e p
67
u s u a l l y t a k e s m u c h l e s s t i m e t h a n t h e c o m p u t a t i o n
o f
t h e p - a d i c f a c t o r i z a t i o n .
C l e a r l y ,
t o o b t a i n a p o l y n o m i a l - t i m e a l g o r i t h m t o
f a c t o r
p o l y n o m i a l s
i n
w e h a v e
t o i n v e n t
a n o t h e r m e t h o d t o r e c o n s t r u c t t h e
f a c t o r s i n
[ x ]
f r o m
t h e p — a d i c f a c t o r s . I n S e c t i o n 5 w e w i l l
s e e t h a t
o n l y
o n e s u f f i c i e n t l y
p r e c i s e p — a d i c f a c t o r s u f f i c e s
t o r e c o n s t r u c t t h e
c o r r e s p o n d i n g i r r e d u c i b l e
f a c t o r i n
[ x ] ,
s o t h a t w e d o
n o t
h a v e
t o l o o k f o r t h e p r o p e r
c o m b i n a t i o n
o f
p — a d i c f a c t o r s
a n y m o r e . B e f o r e w e c a n e x p l a i n t h i s
c o n s t r u c t i o n a n d s h o w
t h a t i t g i v e s a
p o l y n o m i a l - t i m e f a c t o r i n g
a l g o r i t h m ,
w e h a v e t o p r e s e n t
a n
i m p o r t a n t r e s u l t
c o n c e r n i n g
i n t e g r a l
l a t t i c e s ; t h i s
w i l l
b e d o n e
i n
t h e n e x t
s e c t i o n .
4 . S h o r t v e c t o r s i n l a t t i c e s
L e t b1, b2
• . . , b E
b e
l i n e a r l y
i n d e p e n d e n t .
T h e n - d i m e n s i o n a l
l a t t i c e
w i t h b a s i s b1, b2
• b n
i s d e f i n e d
a s t h e s e t o f
i n t e g r a l l i n e a r
c o m b i n a t i o n s o f t h e




{ Z r .
b .






S e c t i o n
5 w e w i l l b e i n t e r e s t e d i n
d e t e r m i n i n g
s h o r t v e c t o r s i n a
l a t t i c e ,
w h e r e w e
u s e
t h e o r d i n a r y E u c l i d e a n n o r m f o r
v e c t o r s .
W e w i l l n o t
g i v e
a n y d e t a i l e d a l g o r i t h m s
h e r e ; w e w i l l o n l y b r i e f l y
s k e t c h w h a t i s k n o w n
a b o u t c o m p u t i n g
s h o r t v e c t o r s i n a l a t t i c e , a n d m e n t i o n
a n i m p o r t a n t
r e c e n t
r e s u l t .
U n t i l n o w , n o p o l y n o m i a l — t i m e
a l g o r i t h m i s k n o w n
t o c o m p u t e
a s h o r t e s t
n o n — z e r o v e c t o r
i n a l a t t i c e
( p o l y n o m i a l — t i m e m e a n s
h e r e p o l y n o m i a l — t i m e
i n
n a n d
t h e
s i z e
o f t h e e n t r i e s o f
t h e
v e c t o r s
b . ) .
I n f a c t ,
t h e p r o b l e m
i s
w i d e l y
c o n j e c t u r e d
t o b e N P - h a r d , b u t
t h i s h a s n o t
y e t b e e n p r o v e d .
( I f
w e
r e p l a c e t h e L2— n o r m
b y t h e L — n o r m , t h e n
t h e s h o r t e s t
v e c t o r p r o b l e m i s k n o w n
t o
b e N P - h a r d
( c f .
[ 1 6 ] ) . )
A t s e v e r a l
p l a c e s m o r e o r l e s s p r a c t i c a l
a l g o r i t h m s
t o c a l c u l a t e
s h o r t e s t v e c t o r s
a r e p r e s e n t e d
[ 5 ;
1 1 ;
1 5 ] .
A l t h o u g h
t h e r u n n i n g
t i m e s o f
t h e s e a l g o r i t h m s
a r e n o t a n a l y z e d ,
t h e y a r e c e r t a i n l y
n o t p o l y n o m i a l —
t i m e . A l s o ,
i n g e n e r a l
t h e y
p e r f o r m
q u i t e p o o r l y
f o r h i g h - d i m e n s i o n a l
l a t t i c e s
( s a y
n
1 5 ) .
I f w e f i x t h e d i m e n s i o n
n
o f
t h e l a t t i c e h o w e v e r , t h e n
a
s h o r t e s t
v e c t o r
c a n b e f o u n d i n p o l y n o m i a l
t i m e .
T h i s i s a c o n s e q u e n c e
o f t h e
p o l y n o m i a l - t i m e
a l g o r i t h m
t o s o l v e i n t e g e r
l i n e a r p r o g r a m m i n g
p r o b l e m s
w i t h
a
f i x e d
n u m b e r o f v a r i a b l e s
[ 1 3 ] .
I n
1 9 8 1 , L . L o v á s z i n v e n t e d
a n i m p o r t a n t
a l g o r i t h m ,
t h e s o - c a l l e d
b a s i s
r e d u c t i o n a l g o r i t h m , w h i c h
m a d e
i t p o s s i b l e t o
c o m p u t e r e a s o n a b l y
s h o r t
v e c t o r s i n a l a t t i c e
i n p o l y n o m i a l t i m e .
M o r e
p r e c i s e l y ,
t h i s a l g o r i t h m
c o m p u t e s
a
n o n — z e r o
v e c t o r b , b e l o n g i n g t o
a b a s i s f o r
L , s u c h t h a t
I b i
2( n ) /ii,
f o r e v e r y x E L ,
x 0 , w h e r e
I I
d e n o t e s t h e E u c l i d e a n
l e n g t h .
S o , i n p o l y n o m i a l t i m e
w e c a n f i n d a v e c t o r
i n t h e l a t t i c e t h a t
i s n o
m o r e t h a n
2( n — 1 ) / 2
t i m e s l o n g e r
t h a n a s h o r t e s t
v e c t o r i n t h e l a t t i c e .
I n
f a c t t h e
b a s i s r e d u c t i o n
a l g o r i t h m
d o e s
n o t o n l y
c o m p u t e a n a p p r o x i m a t i o n
o f
a s h o r t e s t
v e c t o r .
I t a l s o
c o m p u t e s a
s o — c a l l e d r e d u c e d
b a s i s
f o r
t h e l a t t i c e ,
w h i c h i s , r o u g h l y
s p e a k i n g ,
a b a s i s t h a t i s
r e a s o n a b l y o r t h o g o n a l
( c f . S e c
t i o n 7 ) . A d e t a i l e d
d e s c r i p t i o n
o f t h e a l g o r i t h m
a n d a c a r e f u l
a n a l y s i s o f
i t s
r u n n i n g
t i m e a r e g i v e n i n
[ I I ] .
T h e r e a r e
s p e c i a l
c a s e s i n w h i c h
t h e b a s i s r e d u c t i o n
a l g o r i t h m c o m p u t e s
a s h o r t e s t
v e c t o r .
T h i s
w i l l
h a p p e n f o r i n s t a n c e
i f a l l v e c t o r s
t h a t a r e
l i n e a r l y
i n d e p e n d e n t o f
t h e
s h o r t e s t v e c t o r , a r e
m o r e t h a n
2( n — 1 ) / 2
t i m e s
l o n g e r
t h a n
t h e s h o r t e s t v e c t o r .
T h i s s i t u a t i o n
w i l l
o c c u r i n
S e c t i o n 5 .
U n f o r t u n a t e l y ,
t h e f a c t t h a t
t h e b a s i s r e d u c t i o n
a l g o r i t h m
r u n s i n
p o l y n o m i a l
t i m e d o e s n o t i m p l y
t h a t
i t i s v e r y
f a s t i n p r a c t i c e , a l t h o u g h
i t
i s
m u c h
b e t t e r t h a n
t h e a l g o r i t h m s
m e n t i o n e d a b o v e .
I f B E 7 Z >0 b o u n d s
t h e
n u m b e r
o f b i t s
i n t h e c o o r d i n a t e s
o f
t h e
b a s i s b1, b2
• . . , b
f o r L , t h e n
a
t h e o r e t i c a l
b o u n d o n t h e n u m b e r o f b i t o p e r a t i o n s
t o b e p e r f o r m e d
i s
O ( n6B3)
( c f .
[ I I ] ;
a s l i g h t l y b e t t e r
b o u n d , n a m e l y
O ( n6B2+53), w a s
d e r i v e d
i n
[ 9 ] ) .
E x p e r i m e n t s
b y
A . M .
O d l y z k o s h o w e d
t h a t i n p r a c t i c e
t h e
r u n n i n g
t i m e
i s p r o p o r t i o n a l
t o n B3. T o g i v e a n i m p r e s s i o n o f a c t u a l
r u n n i n g
t i m e s ,
w e c o n c l u d e t h i s
s e c t i o n
w i t h s o m e r e s u l t s
f r o m O d l y z k o ’ s i m p l e m e n t a t i o n
O n
a
C r a y — i







4 1 7 0
5 1 8 8
5 1
1 8 0
7 1 1 4 0
8 1 1 6 0
a v e r a g e
r u n n i n g t i m e
i n m i n u t e s
0 . 5







5 . T h e
L3— a l g o r i t h m
W e r e t u r n
t o t h e p r o b l e m o f
f a c t o r i n g p o l y n o m i a l s i n
[ x ] .
W e w i l l
s h o w
t h a t t h e b a s i s
r e d u c t i o n a l g o r i t h m e n a b l e s
u s t o f o r m u l a t e a p o l y n o m i a l - t i m e
a l g o r i t h m
t o f a c t o r p o l y n o m i a l s i n
[ x ] .
A g a i n , l e t
f E [ X J
o f d e g r e e n
b e t h e p o l y n o m i a l
t o b e f a c t o r e d . W e w i l l a s s u m e
t h a t t h e g c d o f
t h e c o e f
f i c i e n t s
o f f i s 1
( i . e .
f i s p r i m i t i v e ) , a n d
t h a t f i s s q u a r e — f r e e .
F r o m S e c t i o n 2
w e k n o w t h a t i t
i s p o s s i b l e t o c o m p u t e
a p - a d i c f a c t o r i
z a t i o n
o f f u p t o a n y p r e c i s i o n
t h a t w e w a n t , w h e r e
t h e p r i m e n u m b e r
p
i s
c h o s e n i n s u c h a w a y
t h a t f m o d p i s s q u a r e - f r e e i n
( / p ) E X ] . L e t ,
f o r
s o m e p o s i t i v e
i n t e g e r k , t h e p o l y n o m i a l
h €
( / p k ) [ X ]
b e
a m o n i c
p — a d i c
f a c t o r o f
f m o d p k ,
s u c h
t h a t h m o d p i s i r r e d u c i b l e i n
( / p ) C x ] .
I t
f o l l o w s
t h a t t h e r e e x i s t s




[ X ] ,
s u c h
t h a t h d i v i d e s
h0m o d p k
i n
( / p k ) [ x ]
W e
w i l l
s e e t h a t , i f k
i s
c h o s e n s u f f i c i e n t l y
l a r g e , t h e n t h e p — a d i c f a c t o r
h s u f f i c e s t o d e t e r m i n e




c o u r s e , i f £ i s i r r e d u c i b l e ,
w e w i l l f i n d
h0= f ) .
T h e L3— a l g o r i t h m
p r o c e e d s r o u g h l y a s f o l l o w s .
F i r s t ,
w e
c o n s t r u c t
a
l a t t i c e
s u c h t h a t
t h e f a c t o r
h0
t h a t
w e a r e l o o k i n g f o r
i s c o n t a i n e d i n
t h i s
l a t t i c e ,
a n d s u c h t h a t
h0
i s m u c h
s h o r t e r t h a n t h e
o t h e r v e c t o r s i n t h e
l a t t i c e .
N e x t , w e d e t e r m i n e
h0 b y m e a n s o f t h e b a s i s r e d u c t i o n
a l g o r i t h m ,
w h i c h i s p o s s i b l e
b e c a u s e
h0
i s v e r y s h o r t .
W e w i l l e x p l a i n
h o w
t o c o n s t r u c t a b a s i s f o r s u c h a
l a t t i c e . D e n o t e
b y





L e t u s s u p p o s e t h a t
t h e d e g r e e o f h0
i s
m , w i t h i m n .
T o s t a r t w i t h ,
w e k n o w t h a t h d i v i d e s
h0m o d p k
i n
c , p k ) [ x ] .
T h i s i m p l i e s t h a t h0 b e l o n g s
t o t h e s e t
L
o f p o l y n o m i a l s
o f d e g r e e
a t m o s t m w h i c h h a v e
h a s a f a c t o r ,
w h e n t a k e n
m o d u l o
B e c a u s e
h w a s c h o s e n
t o b e m o n i c , w e h a v e t h a t
( 5 . 1 )
L = { p k r + h q
r , q e [ X ] ,
d e g r e e ( r ) < , d e g r e e ( q ) m — } .
W e d e f i n e
t h e p o l y n o m i a l s
b0, b1
. . . , b E [ X ]
a s
b . = p k X 1
f o r 0 i <
Z
a n d
b . = h X f o r Z i m .
W i t h ( 5 . 1 )





. . . + b
+ b + b +
. . . + b




R e g a r d i n g
t h e
p o l y n o m i a l s b0, b1
• • b m
a s ( m + l ) . — d i m e n s i o n a l i n t e g r a l v e c
t o r s
( w h e r e
t h e
c o e f f i c i e n t o f X ’ i s
i d e n t i f i e d w i t h
t h e
( i + 1 ) — t h
c o o r d i n a t e ) . ,
w e
s e e
t h a t
t h e
v e c t o r s b0, b1 a r e
l i n e a r l y i n d e p e n d e n t ,
b e c a u s e
t h e y
f o r m a n
u p p e r — d i a g o n a l
m a t r i x . I t f o l l o w s t h a t L i s a n
( m + 1 ) - d i m e n s i o n a l
l a t t i c e
i n
m + 1
S o , w e h a v e c o n s t r u c t e d a n
( m + 1 ) - d i m e n s i o n a l l a t t i c e
c o n
t a i n i n g
h0.
W e
w i l l s h o w t h a t k c a n b e c h o s e n i n s u c h a
w a y t h a t a l l
e l e
m e n t s
o f L
t h a t a r e
l i n e a r l y i n d e p e n d e n t o f
h0,
a r e m o r e t h a n
2m ’ 2
t i m e s
l o n g e r
t h a n h0,
s o t h a t h0 c a n b e c o m p u t e d b y m e a n s o f t h e
b a s i s r e d u c t i o n
a l g o r i t h m ( c f .
S e c t i o n
4 ) .
B e c a u s e h0
i s a f a c t o r o f f i n
[ X 1 ,
w e f i n d f r o m
( 2 . 2 )
t h a t
( 5 . 2 )
1 h0
( ) ½ I f I
= B .
S u p p o s e
t h a t k i s c h o s e n s u c h t h a t
k
m / 2 2 m
( 5 . 3 )
p
> ( 2 B
L e t
g
b e a n a r b i t r a r y n o n — z e r o e l e m e n t o f
o f
h0;
w e c l a i m t h a t
I g i
> 2m / 2 B
s o t h a t
l o n g e r
t h a n h0.
B e c a u s e
g
i s l i n e a r l y i n d e p e n d e n t
o f
h0,
a n d b e c a u s e h0 i s i r r e d u c
i b l e
i n
[ x ] ,
w e h a v e t h a t g c d ( h0, g ) = 1 i n
[ x ] .
T h i s i m p l i e s t h a t t h e
p o l y n o m i a l s
h0 X ’ f o r
0




X f o r 0
j
< d e g r e e
( h0) ,
r e g a r d e d
a s
( d e g r e e ( g ) + d e g r e e ( h) ) - d i x n e n s i o n a l v e c t o r s , a r e l i n e a r l y
i n d e p e n
d e n t .




d e f i n e d a s t h e
d e t e r m i n a n t o f t h e
m a t r i x
B h a v i n g t h e s e v e c t o r s a s c o l u m n s . I t
f o l l o w s t h a t
R
0 ;
f r o m
H a d a m a r d s




( 5 . 4 )
R I I h0mg I.
T h e




r e d u c e d m o d u l o
k
h a v e h a s
a c o m m o n d i v i s o r
j
( / k ) [ ) ]
( r e m e m b e r
t h a t
b o t h a r e e l e m e n t s o f
L ) .
T h e r e f o r e , t h e
c o l u m n s
o f M c a n n o t b e l i n e a r l y i n d e p e n d e n t
w h e n r e g a r d e d m o d u l o
k ,
s o
t h a t
R m u s t
b e
z e r o m o d u l o C o m b i n e d w i t h
R
0 , w e
c o n c l u d e t h a t
R I ,
w h i c h i m p l i e s , w i t h
( 5 . 4 ) , ( 5 . 3 ) ,
a n d ( 5 . 2 ) , t h a t
I g i
> 2m / 2 B
T h i s
p r o v e s
o u r
c l a i m .
L
t h a t i s l i n e a r l y i n d e p e n d e n t
g
i s m o r e t h a n
2m / 2
t i m e s
s o
t h a t w e c a n
r e w r i t e
( 5 . 1 )
a s L = r .
b . :
r .





p r o b l e m
r e m a i n s
t o
b e s o l v e d ,
n a m e l y
t o
d e t e r m i n e
t h e
c o r r e c t
v a l u e
o f
t h e




T h i s i s
s i m p l y
d o n e
b y
a p p l y i n g
t h e
a b o v e
c o n s t r u c t i o n
f o r
m = Z ,
1 1 + 1 ,
. . . , n — i
i n
s u c c e s s i o n ,
w h e r e
k
i s c h o s e n
s u c h
t h a t
( 5 . 3 )
h o l d s
w i t h
m
r e p l a c e d
b y
n - i :
( 5 5 )
P k > (2( n _ 1 ) / 2 ( 2 ( n _ 1 ) ) ½
I f ) .
I t
f o l l o w s
f r o m
t h e
a b o v e
r e a s o n i n g
t h a t
f o r
v a l u e s
o f
m
s m a l l e r
t h a n
t h e




l a t t i c e
d o e s
n o t
c o n t a i n
a n y
s u f f i c i e n t l y
s h o r t
v e c t o r s ,
s o
t h a t
t h e
f i r s t
s h o r t
v e c t o r
t h a t
w e f i n d
m u s t
b e e q u a l
t o
± h0
( n o t e t h a t
t h e
l a t t i c e
o f
d i m e n s i o n m + 1
c o n t a i n s
a l l
e l e m e n t s
o f
t h e
l a t t i c e s
o f
d i m e n
s i o n s m ) .
I f
n o
s h o r t
v e c t o r
i s f o u n d
a t a l l ,
t h e n
a p p a r e n t l y
d e g r e e ( h0)
> n - i ,




c o n s i d e r
t h e r u n n i n g
t i m e
o f
t h e
L3— a l g o r i t h m .
F i r s t ,
w e
o b s e r v e
t h a t
t h e
f a c t o r
h
m o d u l o
k ,
w i t h
k s u c h
t h a t
( 5 . 5 )
h o l d s ,
c a n
s t i l l
b e
f o u n d
i n
p o l y n o m i a l
t i m e .
T h i s
f o l l o w s
f r o m
t h e
r u n n i n g
t i m e
e s t i m a t e s
f o r t h e
a p p l i c a t i o n
o f
H e n s e l s
l e m m a .
N e x t ,
w e s e e
f r o m
( 5 . 5 )
a n d
t h e
d e f i n i t i o n
o f
t h e
l a t t i c e ,
t h a t
t h e
m a x i m a l
n u m b e r
o f b i t s
i n
t h e
c o o r d i n a t e s
o f
t h e
b a s i s
f o r
L i s
O ( k l o g p )
= O ( n2+ n l o g l f l ) .
C o m b i n e d
w i t h
t h e
r u n n i n g
t i m e
o f t h e
b a s i s
r e d u c t i o n
a l g o r i t h m
( c f . S e c t i o n
4 ) ,
t h i s
i m p l i e s
t h a t
t h e
a p p l i c a t i o n s
o f
t h i s
a l g o r i t h m
c a n
b e
d o n e i n
t i m e




l o g i f
I .
W e
c o n c l u d e
t h a t
h0 c a n
b e
d e t e r m i n e d
i n
p o l y n o m i a l
t i m e ,
s o
t h a t
f c a n
a l s o
b e
f a c t o r e d
i n
p o l y n o m i a l
t i m e .
A
m o r e
c a r e f u l
d e s c r i p t i o n
o f
t h e
a l g o r i t h m
a n d
a n a l y s i s
o f i t s
r u n n i n g
t i m e
l e a d
t o t h e
f o l l o w i n g
t h e o r e m
( c f .
[ I I :
T h e o r e m
3 . 6 ] ) :
T h e o r e m .
A
p r i m i t i v e
p o l y n o m i a l
f E [ X ]
o f




c o m p l e t e l y
f a c t o r e d
i n
b i t
o p e r a t i o n s .
( U s i n g
t h e
r e s u l t
f r o m
[ 9 ] , w h i c h
w a s
m e n t i o n e d
i n
S e c t i o n
4 ,
t h i s
c a n
b e
i m p r o v e d
t o
O ( n1 1
+ n8( l o g l f
I ) ) . )
I f
w e a p p l y
O d l y z k o s
e m p i r i c a l
r e s u l t
a b o u t
t h e r u n n i n g
t i m e
o f
t h e
b a s i s
r e d u c t i o n
a l g o r i t h m ,
w e
g e t a n
O ( n7+4( l o g f3)
b o u n d f o r
t h e
f a c
t o r i n g
a l g o r i t h m .
T h i s
i n d i c a t e s
t h a t
t h e
L- a l g o r i t h m
w i l l
n o t
b e o f
g r e a t
p r a c t i c a l
v a l u e .
T h i s
p o i n t
w i l l
b e
f u r t h e r
d i s c u s s e d
i n
S e c t i o n
7 .
F i r s t ,
w e
w i l l
c o n s i d e r
s o m e
g e n e r a l i z a t i o n s
o f
t h e
L3- a l g o r i t h m
t o
o t h e r
p o l y n o m i a l
f a c t o r i n g
p r o b l e m s .
6 .
G e n e r a l i z a t i o n s
o f t h e L3- a l g o r i t h m
I n
t h e
p r e v i o u s
s e c t i o n w e
h a v e
s e e n
t h a t p r i m i t i v e u n i v a r i a t e p o l y n o m i a l s
w i t h
i n t e g r a l
c o e f f i c i e n t s c a n b e f a c t o r e d i n p o l y n o m i a l t i m e b y a n a l g o r i t h m
t h a t
e s s e n t i a l l y
w o r k s a s f o l l o w s :
( i )
c o m p u t e a s u f f i c i e n t l y p r e c i s e , i r r e d u c i b l e
p — a d i c f a c t o r ,
( i i )
c o n s t r u c t a l a t t i c e , s u c h t h a t t h e c o r r e s p o n d i n g
i r r e d u c i b l e t r u e
f a c t o r
i s v e r y s h o r t i n t h i s l a t t i c e , a n d
( i i i )
d e t e r m i n e t h i s t r u e f a c t o r
b y
m e a n s o f t h e b a s i s r e d u c t i o n a l g o r i t h m .
I n [ I I I ; V ;
V I I ;
I v ]
w e h a v e s h o w n t h a t t h e s a m e s c h e m e c a n b e u s e d t o f o r m u l a t e
p o l y n o m i a l - t i m e a l g o r i t h m s f o r v a r i o u s o t h e r k i n d s o f
p o l y n o m i a l
f a c t o r i n g p r o b
l e m s :
— p o l y n o m i a l s i n o n e v a r i a b l e w i t h c o e f f i c i e n t s i n a n
a l g e b r a i c
n u m b e r f i e l d
( c f .
[ I I I ] ;
s e e [ 1 2 ] f o r a n a l g o r i t h m u s i n g n o r m s ,
a t e c h n i q u e
d u e t o
K r o n e c k e r ) ;
— m u l t i v a r i a t e p o l y n o m i a l s w i t h i n t e g r a l c o e f f i c i e n t s ( c f .
[ v ] ) ;
- n i u l t i v a r i a t e
p o l y n o m i a l s w i t h c o e f f i c i e n t s i n a n
a l g e b r a i c n u m b e r f i e l d
( c f .
[ V I I ] ) ;
— m u l t i v a r i a t e
p o l y n o m i a l s w i t h c o e f f i c i e n t s i n
a f i n i t e f i e l d ( c f .
[ I v ] ) .
T h e a l g o r i t h m s
d e s c r i b e d i n t h e s e p a p e r s
a r e p o l y n o m i a l - t i m e i n t h e
l e n g t h
o f a
d e n s e
e n c o d i n g o f t h e p o l y n o m i a l t o b e f a c t o r e d . T h a t





a l g o r i t h m s t o a p o l y n o m i a l f o f d e g r e e n . i n t h e v a r i a b l e X . ,
f o r
1 i
t , c a n
b e
d o n e
i n t i m e




t h e s i z e o f t h e
c o e f f i c i e n t s
o f f .
I t i s
w e l l k n o w n t h a t t h i s i s n o t a v e r y
r e a l i s t i c c o m p l e x i t y m e a s u r e f o r
m u l t i v a r i a t e
p o l y n o m i a l s .
T h e o r e t i c a l l y
h o w e v e r , o u r a l g o r i t h m s
c o m p a r e
f a v o r a b l y
t o
t h e
s t r a i g h t f o r w a r d g e n e r a l i z a t i o n o f t h e
B e r l e k a m p - H e n s e l a l g o r i t h m . F o r
t h e
l a t t e r
n o t h i n g
b e t t e r c a n b e p r o v e d t h a n
a b o u n d t h a t i s e x p o n e n t i a l i n e a c h o f
t h e
d e g r e e s
n . .
T o g e t a r e a l i s t i c
c o m p l e x i t y m e a s u r e , t h e
l e n g t h o f a s p a r s e
e n c o d i n g
o f
t h e i n p u t p o l y n o m i a l a n d i t s ( o u t p u t )
f a c t o r s h a s t o b e c o n s i d e r e d ;
V o n
z u r
G a t h e n h a s s h o w n
t h a t
i n
t h i s
c a s e a l g o r i t h m s c a n b e
g i v e n t h a t r u n i n
e x p e c t e d
p o l y n o m i a l
t i m e
[ 1 8 ] .
T h i s
i s c e r t a i n l y n o t t h e p l a c e t o g o i n t o
t h e n u m e r o u s d e t a i l s
o f
t h e
g e n e r a l i z a t i o n s
o f t h e L3— a l g o r i t h m ; t h e s e c a n
b e f o u n d i n t h e
p a p e r s
r e f e r r e d
t o
a b o v e .
I n s t e a d , l e t u s
d e s c r i b e
s o m e o f t h e m o s t
i m p o r t a n t p o i n t s o f t w o o f
o u r
g e n e r a l i z a t i o n s ,
n a m e l y
f e [ X1, X2]
a n d




w e consider the c a s e fc[X1,X2]; this case is treated in detail in
[V].
S t e p (i)
c a n
b e




a p r i m e




a n integer. D e n o t e
b y
5
the ideal generated b y
p
a n d X2-s.
B e c a u s e fmods1 is a p o l y n o m i a l in (/p)[x1],
w e c a n find its f a c t o r i —
zation in (/p)[x] b y m e a n s o f




c h o s e n
s u c h that s o m e
s q u a r e — f r e e n e s s conditions are satisfied, then
w e c a n
a p p l y
a generalized version of Hensel’s l e m m a to lift the factorization of
fmods1 to a factorization of f m o d u l o the ideal 5k generated b y
a n d
(X2_s)21, for a n y kc>0 that
w e




c o m p u t e
a
sufficiently precise
p — a d i c factor
h of f.
D e n o t e
b y




a s s u m e that
h
is
m o n i c
w i t h respect to the variable X1.
W e
n o w turn to step (ii).






d e g r e e m1 in
( a n d
o f course degree at m o s t
in X2).
A





m o d u l o the ideal
h a v i n g
d e g r e e
m1 in
a n d m2 in X2, is g i v e n
b y the polynomials
{pk)qX:OjnOi<%}
U {(hXmods) X7 Ojn2,Lim1}.
R e g a r d i n g these polynomials a s ((n2+1)(m+1))—dimensional integral vectors,
w e





A s in the proof o f Section
5 ,
consider the resultant Rc72[X2] of
a n d
a n arbitrary non-zero
e l e m e n t
g
of
L , for w h i c h gcd(h0,g) = 1 (so,
RzO).
A n
u p p e r
b o u n d for the length
I R I




o f 1h0 a n d Igi, c a n easily b e derived. U s i n g this b o u n d
a n d (2.2), w e
s e e that (x2_s)r’2’1
c a n n o t divide
R if s is
c h o s e n sufficiently large.
B u t
R m o d s k
m u s t
b e
zero,
b e c a u s e
h divides
b o t h
h Q m o d s k
a n d mods
s o that the absolute value
o f the m a x i m a l coefficient of
R m o d
(X2_5ln2 c[x2]
m u s t
b e at least
T h i s yields a l o w e r
b o u n d for the length of the vector
g
a s
a function of k,
a n d
w e
c o n c l u d e that w e
c a n get
g
a s
l o n g
a s
w e
w a n t
b y
c h o o s i n g
k sufficiently large. T h i s




m i n e d
b y the basis reduction algorithm (notice that h01 c a n
b e
b o u n d e d
f r o m
a b o v e
b y
a result
f r o m [6], cf. Section 2).
T h e
algorithm sketched here c a n easily b e eztended to m o r e than t w o variables.
T h e





X= 5’ w h e r e t is the n u m b e r o f variables. T h e details of this
construction for a slightly m o r e complicated case, n a m e l y w i t h coefficients
in a n algebraic n u m b e r field, are g i v e n in [vii].
A n o t h e r
w a y of generalizing theL3-algorithm to [x1,2 x] is
described in [vi]. T h e r e
w e a p p l y
the idea
o f
theL3—algorithm (i.e. a true
factor is a short vector in a lattice) to formulate a p o l y n o m i a l — t i m e reduction
f r o m
factoring in [x1,2 to factoring in [x1]. F o r [x1,2]
this reduction follows f r o m the a b o v e algorithm b y replacing the factor m o d u l o
k n2+1 n2+1
p
a n d (X2-s)
b y
a
factor m o d u l o (X2-s) only.
O t h e r polynomial-tine algorithms for factoring in [x1,x2,
...,
x] are
g i v e n
b y Kaltofen in [8] a n d Chistov a n d G r i g o r y e v in [3]. A s in [vi], Kaltofen
r e d u c e d the p r o b l e m of factoring in [x1,x2,
..., x] in p o l y n o m i a l t i m e to
factoring in [X1]; his reduction is completely different f r o m ours. Chistov
a n d
G r i g o r y e v applied s o m e o f Kaltofen’s ideas a n d d e v e l o p e d yet another reduc
tion, this t i m e f r o m factoring in [x1,2 to factoring in
a n d (/p)[X1,X2 x] (for the latter p r o b l e m s e e b e l o w ) . All these
algorithms c a n , in s o m e w a y o r another, b e e x t e n d e d to polynomials with coef
ficients in a n algebraic n u m b e r field.
W e
n o w
c o m e to a different k i n d o f generalization of theL3—algorithm,
a n algorithm to factor p o l y n o m i a l s in IF[x1,x2,
..., x] w h e r e I F is a
finite field containing
q
e l e m e n t s (cf. [Iv]). W e will briefly discuss
this algorithm for fcr[X1,X2]. ( A n algorithm very similar to the o n e de
scribed here w a s independently discovered
b y
Chistov a n d G r i g o r y e v [3].)
I n fact, the algorithm follows i m m e d i a t e l y f r o m theL3-algorithm b y
replacing the ring of integers b y the ring of polynomials IF[x2]. Conse
quently, t h e p r i m e





irreducible p o l y n o m i a l F c
a n d the factor m o d u l o
b y a
factor m o d u l o the ideal generated
b y




n o w get a n IF[X2]-module
Lcr[X2]m11.
O f course, a s n o r m for the elements of L , the Euclidean length
d o e s not m a k e sense here. Therefore, for a n e l e m e n t x o f F[X2]m41, w e
define the n o r m a s the m a x i m a l d e g r e e in of a n y of the coordinates of x ;
so, ‘short’ m e a n s ‘small d e g r e e in X2’. U s i n g this n o r m o n e easily proves
that the true factor corresponding to a factor m o d u l o ( F k ) is the shortest
e l e m e n t of L if k is sufficiently large (the proof follows the lines o f
1 4
1 5
t h e p r o o f
i n




m u c h
s i m p l e r ) .
O b v i o u s l y
w e
c a n n o t
u s e
t h e
b a s i s
r e d u c t i o n
a l g o r i t h m .
T o
d e t e r m i n e
t h e
s h o r t e s t
v e c t o r
i n
t h i s
c a s e ,
w e
r e m a r k
t h a t
t h e
s h o r t e s t
v e c t o r
p r o b l e m
i n
L





f o r m u l a t e d
a s
a
s y s t e m
o f
l i n e a r
e q u a t i o n s
o v e r
I F .
T h i s
q 2
q
g i v e s
a
p o l y n o m i a l - t i m e
s o l u t i o n
o f
t h e
s h o r t e s t
v e c t o r
p r o b l e m
a t
h a n d
( c f .
[ i v
3 ] ) .
T h i s
c o n c l u d e s
o u r
b r i e f
e x p l a n a t i o n
o f
t h e
a l g o r i t h m
f o r
f E I F [ X1,X2].
G e n e r a l i z a t i o n
t o
m o r e
t h a n
t w o
v a r i a b l e s
f o l l o w s
i n a






h a v e
s e e n
b e f o r e ,
n a m e l y
b y m e a n s
o f
s u b s t i t u t i o n s
x
= x , ,
, x
= x , . . . ,
k
X = x2
, f o r
s u f f i c i e n t l y
l a r g e
i n t e g e r s
k .
( t h i s
i s
q u i t e
d i f f e r e n t




w h i c h
C h i s t o v
a n d
G r i g o r y e v
e x t e n d
t h e i r
m e t h o d
t o
m o r e
v a r i a b l e s
[ 3 ] ) .
I n
[ 1 0 ]
a n o t h e r
p o l y n o m i a l — t i m e
a l g o r i t h m
f o r
I F [ x1,x2,
. . . , X ] _ f a c _
t o r i n g
i s
g i v e n .
A
m o r e
g e n e r a l
a p p r o a c h
t o
t h e
g e n e r a l i z a t i o n s
o f
t h eL3- a l g o r i t h m
w i l l
b e
p r e s e n t e d
i n
[ 1 7 ] .
7 .
P r a c t i c a l
a l g o r i t h m s
T h e
a l g o r i t h m s
f r o m
t h e
p r e v i o u s
s e c t i o n s
h a v e
a
w o r s t — c a s e
r u n n i n g
t i m e
t h a t
i s
b o u n d e d
b y a
p o l y n o m i a l
f u n c t i o n
o f
t h e
l e n g t h
o f
a
d e n s e
e n c o d i n g
o f
t h e
i n p u t
p o l y n o m i a l .
A p a r t
f r o m
t h e
f a c t
t h a t
a
d e n s e
e n c o d i n g
g i v e s
a n
u n r e a l i s
t i c
c o m p l e x i t y
m e a s u r e ,
t h e
p o l y n o m i a l
b o u n d
o n
t h e
r u n n i n g
t i m e
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algorithm combined with a combinatorial search. In both cases the algorithms
from [20; 21] are rather slow due to the time consuming computations in the
algebraic number field.
The algorithm from [I] proceeds as follows. First, a prime number p
is chosen such that, among other conditions, Fmodp has a linear factor
Hmodp in (/p)[T]. The polynomial f reduced modulo p and Hmodp
is, due to the linearity of Hmodp, contained in (/p)[X], and can
easily be factored by means of Berlekamp’s algorithm. This factorization can
be lifted to a factorization of f modulo and Hmodpk for a suffi
ciently large value of k by means of Hensel’s lemma, where Hmodpk is
the lifted linear factor of Fmodpk in (/k)[T]
To find the true factors of f in Q(n)[X] we look, as usual, at
combinations of the p-adic factors of f. These combinations however are
polynomials in (/pk)[x] so we must be able to reconstruct the coef
ficients in (a) from their images modulo and Hmodpk. Let x be
such a coefficient of a true factor, and let be its image modulo
and Hmodpk, so For simplicity we will assume that xE[ci]=
[T]/(F). We will show how x can be found given . If we regard x
and 5 as (degree(F))—dimensional integral vectors, then they are congruent
modulo the (degree(F))—dimensional integral lattice
L= {pkr ÷ (Hmodp’) q : r,qE[n], degree(r) = 0, degree(q) <degree(F)—1}.
Because x is a coefficient of a true factor, the vector x is of bounded
length. From the same proof as in Section 5 we conclude that we can choose
k such that all non—zero elements of L are much longer than x. This
implies that x is the shortest element of
degree(F)
that is congruent
to 5 modulo L, so that x can be found by reducing 5 modulo a suffi
ciently orthogonal basis for L. As mentioned in Section 4 such a basis for
L can be computed by the basis reduction algorithm.
We conclude that, during the search for the true factors, all algebraic
numbers can be reconstructed in a unique way by means of one application of
the basis reduction algorithm. This is the only practical application of
lattices and the basis reduction algorithm to factoring polynomials that we
know of up till now.
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